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Abstract. Let p be a prime number and ζp be a primitive p-th root of unity in
C. Let k be a field and k(x0, . . . , xp−1) be the rational function field of p variables
over k. Suppose that G = 〈σ〉 ≃ Cp acts on k(x0, . . . , xp−1) by k-automorphisms
defined as σ : x0 7→ x1 7→ · · · 7→ xp−1 7→ x0. Denote by P the set of all prime
numbers and define P0 = {p ∈ P : Q(ζp−1) is of class number one}. Theorem. If
k is an algebraic number field and p ∈ P\(P0 ∪Pk), then k(x0, . . . , xp−1)
G is not
stably rational over k where Pk = {p ∈ P : p is ramified in k}.
§1. Introduction
Let p be a prime number, K be a field, K(x0, . . . , xp−1) be the rational function
field of p variables over K. Let G = 〈σ〉 ≃ Cp be the cyclic group of order p. Suppose
that G acts on K(x0, . . . , xp−1) by K-automorphisms defined as
σ : x0 7→ x1 7→ · · · 7→ xp−1 7→ x0.
Define the fixed field K(x0, . . . , xp−1)
G = {f ∈ K(x0, . . . , xp−1) : σ · f = f}. The
Noether’s problem studied in [Pl] is to investigate that, for which prime number p, the
fixed field Q(x0, . . . , xp−1)
G is rational (= purely transcendental) over Q.
Denote by ζn a primitive n-th root of unity in C where n is any positive integer.
Let P be the set of all prime numbers. Define P0 = {p ∈ P : Q(ζp−1) is of class number
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one}. It is known that P0 = {p ∈ P : p ≤ 43} ∪ {61, 67, 71} by [MM]. Lenstra shows
that the set of prime numbers p such that Q(x0, . . . , xp−1)
G is rational is of Dirichlet
density zero [Le, Corollary 7.6]. The main result of Plans’s paper [Pl] is the following.
Theorem 1.1 (Plans [Pl, Theorem 1.1]) Let p be a prime number. ThenQ(x0, . . . , xp−1)
G
is rational over Q if and only if p ∈ P0.
The purpose of this note is to study the situation when the base field is an algebraic
number field.
Let k be an algebraic number field and A be the ring of algebraic integers in k, A
rational prime p is unramified in k if the ideal pA is a finite product P1 · · ·Pd where
P1, . . . ,Pd are distinct prime ideals in A. A prime number p is called ramified in k
if it is not unramified. Define Pk = {p ∈ P : p is ramified in k}. If dk denotes the
discriminant of k, then Pk = {p ∈ P : p | dk}; thus Pk is a finite set.
The main result of this note is the following.
Theorem 1.2 Let k be an algebraic number field. If p is a prime number and p ∈
P\(P0 ∪ Pk), then k(x0, . . . , xp−1)
G is not rational (resp. not stably rational) over k.
We remark that, if p ∈ P0, then k(x0, . . . , xp−1)
G is rational because k(x0, . . . , xp−1)
G
= k(y0, . . . , yp−1) whenever Q(x0, . . . , xp−1)
G = Q(y0, . . . , yp−1). Also note that, k(x0,
. . . , xp−1)
G is rational if and only if k(x0, . . . , xp−1)
G is stably rational by [Le, Proposi-
tion 5.6].
Theorem 1.2 can be generalized furthermore.
Theorem 1.3 Let K be a field such that charK = 0 and K is finitely generated over
Q. Then there is a finite subset P ′ of P satisfying the property that, for all prime
numbers p ∈ P\(P0 ∪ P
′), K(x0, . . . , xp−1)
G is not rational (resp. not stably rational)
over K.
The proofs of Theorem 1.2 and Theorem 1.3 will be given in Section 2.
§2. Proof of Theorem 1.2
Let pi be a finite group. We recall the definition of pi-lattices.
Definition 2.1 Let pi be a finite group. A finitely generated Z[pi]-module M is called
a pi-lattice if M is a free abelian group when it is regarded as an abelian group.
If M is a pi-lattice and L is a field with pi-action, we will associate a rational
function field over L with pi-action as follows. Suppose that M =
⊕
1≤i≤mZ · ui.
Define L(M) = L(x1, . . . , xm), a rational function field of m variables over L. For any
σ ∈ pi, if σ · ui =
∑
1≤j≤m aijuj in M (where aij ∈ Z), we define σ · xi =
∏
1≤j≤m x
aij
j in
L(M) and, for any α ∈ L, define σ · α by the prescribed pi-action on L.
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Definition 2.2 Let pi be a finite group andM be a pi-lattice. M is called a permutation
lattice if M has a Z-basis permuted by pi. A pi-lattice M is called an invertible lattice
if it is a direct summand of some permutation lattice. A pi-lattice M is called a flabby
lattice if H−1(pi′,M) = 0 for all subgroup pi′ of pi; it is called a coflabby lattice if
H1(pi′,M) = 0 for all subgroups pi′ of pi. For the basic properties of pi-lattices, see
[CTS; Sw].
Definition 2.3 Let pi be a finite group. Two pi-lattices M1 and M2 are called similar,
denoted by M1 ∼ M2, if M1 ⊕ Q1 ≃ M2 ⊕ Q2 for some permutation lattices Q1
and Q2. The flabby class monoid Fpi consists of all the similarity classes of flabby
pi-lattices under the addition described below. Explicitly, if M is a flabby pi-lattice,
then [M ] ∈ Fpi denotes the similarity class containing M ; the addition in Fpi is defined
as: [M1] + [M2] = [M1 ⊕M2]. Note that [M ] = 0 in Fpi, i.e. [M ] is the zero element
in Fpi, if and only if M ⊕ Q is isomorphic to a permutation lattice where Q is some
permutation lattice. See [Sw] for details.
Definition 2.4 Let pi be a finite group, M be a pi-lattice. The M have a flabby
resolution, i.e. there is an exact sequence of pi-lattices: 0 → M → Q → E → 0 where
Q is a permutation lattice and E is a flabby lattice [EM2, Lemma 1.1; CTS; Sw].
Although the above flabby resolution is not unique, the class [E] ∈ Fpi is uniquely
determined by M . Thus we define the flabby class of M , denoted as [M ]fl, by [M ]fl =
[E] ∈ Fpi (see [Sw]). Sometimes we say that [M ]
fl is permutation or invertible if the
class [E] contains a permutation lattice or an invertible lattice.
Theorem 2.5 Let L/K be a finite Galois extension with pi = Gal(L/K). Let M be a
pi-lattice.
(1) ([EM1, Theorem 1.6; Vo; Le, Theorem 1.7; CTS]) The fixed field L(M)pi is stably
rational over K if and only if [M ]fl = 0 in Fpi.
(2) ([Sa, Theorem 3.14]) Assume that K is an infinite field. Then the fixed field
L(M)pi is retract rational over K if and only if [M ]fl is invertible.
Remark. Note that, “rational” ⇒ “stably rational” ⇒ “retract rational”⇒ “unira-
tional”. For the definition of retract rationality, see [Sa]. The fixed field L(M)pi is the
function field of the algebraic torus T defined over K, split by L and with character
module M (see [Vo; Sw]).
Lemma 2.6 Let k be an algebraic number field, Pk be the finite subset of P defined in
Section 1. If p ∈ P\Pk, then [k(ζp) : k] = p− 1 and Gal(k(ζp)/k) ≃ Cp−1.
Proof. Let f(X) = Φp(X) = X
p−1 + · · ·+X + 1 ∈ k[X ]. We will show that f(X)
is irreducible in k[X ].
Let A be the ring of algebraic integers in k and pA = P1 · · · Pd where P1, . . . ,Pd
are distinct prime ideals (because p is unramified in k).
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Write P = P1 and consider the localization AP . Note that AP is a DVR whose
maximal ideal is generated by some prime element v ∈ PAP . From pA = P1 · · · Pd, we
get p = εv where ε is a unit in AP .
Now we begin to prove that f(X) is irreducible in k[X ]. Note that f(X) is ir-
reducible in k[X ] if and only if so is f(X + 1). It is easy to see that f(X + 1) =
Xp−1+
∑
1≤i≤p−1 aiX
p−i−1 where ai ∈ Z, ap−1 = p and p | ai for 1 ≤ i ≤ p− 1. Regard
f(X + 1) as a polynomial in AP [X ] and apply Eisenstein’s irreducibility criterion. It
follows that f(X+1) is irreducible in AP [X ]. In particular, it is irreducible in k[X ]. 
We may generalize Lemma 2.6 as follows.
Lemma 2.7 Let K be a field such that charK = 0 and K is finitely generated over Q.
Then there is a finite subset P ′ of P satisfying the property that, for all prime numbers
p ∈ P\P ′, we have [K(ζp) : K] = p− 1 and Gal(K(ζp)/K) ≃ Cp−1.
Proof. Step 1. As before, we will show that Φp(X) is irreducible in K[X ] where
Φp(X) = X
p−1 + · · ·+X + 1 ∈ K[X ].
Let k be the algebraic closure of Q in K. Then k is an algebraic number field.
Choose a transcendence basis t1, . . . , tm of K over k. Thus k(t1, . . . , tm) is rational over
k and K is a finite extension of k(t1, . . . , tm).
For simplicity, we consider the casem = 1 (the general case can be proved similarly).
From now on, we consider the field extensions Q ⊂ k ⊂ k(t) ⊂ K.
Let A be the ring of algebraic integers in k.
Define S to be the multiplicatively closed subset of the polynomial ring A[t] con-
sisting of all the monic polynomials. Define B = S−1A[t], the localization of A[t] by S.
From Seidenberg’s theory, we find that B is of Krull dimension one (see [Ka, page 26,
Theorem 39]). Thus B is a Dedekind domain.
Define C to be the integral closure of B in K. Then C is also a Dedekind domain.
Note that there are only finitely many prime ideals Q1, . . . ,Qt in B such that Qj are
ramified in C (see the last paragraph of [ZS, page 306]).
Step 2. Let Pk be the same subset of P defined in Lemma 2.6 for the algebraic
number field k. For any p ∈ P \ Pk, p is unramified in A. Thus p is also unramified in
B. Now we enlarge Pk to a finite subset P
′ of P by adding all the prime numbers p
such that pZ = Qj ∩Z where Qj belongs to those prime ideals ramified in C (see Step
1).
It is not difficult to see that, if p ∈ P \ P ′, then p is unramified in C. For such
prime number p, the polynomial Φp(X) is irreducible in K[X ] because the proof is the
same as in Lemma 2.6. 
Proof of Theorem 1.2.
Step 1. Let p be a prime number, K be a field satisfying that charK = 0 and
[K(ζp) : K] = p − 1. Consider the action of G = 〈σ〉 ≃ Cp on the rational function
field K(x0, x1, . . . , xp−1) by
σ : x0 7→ x1 7→ · · · 7→ xp−1 7→ x0.
4
Define pi = Gal(K(ζp)/K) = 〈τ〉 ≃ Cp−1 where τ · ζp = ζ
t
p, (Z/pZ)
× = 〈t¯〉 with
tp−1 = 1 + ps (it is required that t, s ∈ N).
Define y0, y1, . . . , yp−1 ∈ K(ζp)(x0, . . . , xp−1) by
yi =
∑
0≤j≤p−1
ζ−ijp xj .
Extend the actions of σ and τ to K(ζp)(x0, . . . , xp−1) by requiring that σ · ζp = ζp,
τ · xi = xi for 0 ≤ i ≤ p− 1. It follows that
σ · yi = ζ
i
pyi, τ · yi = yit
for 0 ≤ i ≤ p− 1 where the indices of yi are taken modulo p. Thus we have
K(x0, . . . , xp−1)
〈σ〉 = {K(ζp)(x0, . . . , xp−1)
〈τ〉}〈σ〉
= K(ζp)(x0, . . . , xp−1)
〈σ,τ〉
= K(ζp)(y0, . . . , yp−1)
〈σ,τ〉
= {K(ζp)(y0, . . . , yp−1)
〈σ〉}〈τ〉
= K(ζp)(z1, . . . , zp−1)(y0)
〈τ〉
where z1 = yt/y
t
1
, z2 = yt2/y
t
t, . . ., zp−2 = ytp−2/(ytp−3)
t, zp−1 = y
p
1
(with the indices of
yi being taken modulo p). Note that
τ : ζp 7→ ζ
t
p, z1 7→ z2 7→ · · · 7→ zp−2 7→ (z
tp−2
1
zt
p−3
2
· · · zt
2
p−3z
t
p−2z
s
p−1)
−1,
zp−1 7→ z
p
1
ztp−1, y0 7→ y0
and recall that tp−1 = 1 + ps defined before.
It follows that K(x0, . . . , xp−1)
G = K(ζp)(M)
pi(y0) where M is the pi-lattice defined
by M =
⊕
1≤i≤p−1Z · wi and τ : w1 7→ w2 7→ · · · 7→ wp−2 7→ −(t
p−2 · w1 + t
p−3 · w2 +
· · ·+ t2 · wp−3 + t · wp−2 + s · wp−1), wp−1 7→ p · w1 + t · wp−1.
Apply Theorem 2.5. We conclude that K(x0, . . . , xp−1)
G is stably rational over K
if and only if [M ]fl = 0 in Fpi.
Step 2. Now consider the case where k is an algebraic number field and p ∈
P\(P0 ∪ Pk). We will show that k(x0, . . . , xp−1)
G is not stably rational over k.
Since p /∈ Pk, by Lemma 2.6, we find that Gal(k(ζp)/k) ≃ Cp−1, which is isomorphic
to Gal(Q(ζp)/Q). Call this group pi.
Apply Step 1. We find that we arrive at the same pi-lattice M for k(x0, . . . , xp−1)
G
and Q(x0, . . . , xp−1)
G.
From Theorem 1.1, Q(x0, . . . , xp−1)
G is not rational. Thus it is not stably rational
over Q by [Le, Proposition 5.6]. It follows that [M ]fl 6= 0 in Fpi by the conclusion of
Step 1.
Apply Theorem 2.5 to k(ζp)(M)
pi and use the above result that [M ]fl 6= 0. We find
that k(x0, . . . , xp−1)
G = k(ζp)(M)
pi is not stably rational over k. 
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Remark. Because pi is a cyclic group, any flabby pi-lattice is invertible by Endo and
Miyata [EM2, Theorem 1.5]. Applying Theorem 2.5, we find that K(ζp)(M)
pi is retract
rational over K in Step 1. More generally, it can be shown that K(x0, . . . , xp−1)
G is
retract rational over K for any field K and for any prime number p. The proof is
omitted.
Proof of Theorem 1.3.
The proof is almost the same as that of Theorem 1.2, except that we apply Lemma
2.7 this time. 
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